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We consider the Standard Model with a new scalar field X which is a nX representation of the
SU(2)L with a hypercharge YX . The renormalization group running effects on the new scalar quartic
coupling constants are evaluated. Even if we set the scalar quartic coupling constants to be zero at
the scale of the new scalar field, the coupling constants are induced by the one-loop effect of the
weak gauge bosons. Once non-vanishing couplings are generated, the couplings rapidly increase by
renormalization group effect of the quartic coupling constant itself. As a result, the Landau pole
appears below Planck scale if nX ≥ 4. We find that the scale of the obtained Landau pole is much
lower than that evaluated by solving the one-loop beta function of the gauge coupling constants.
The discovery of the Higgs boson [1, 2] and the de-
termination of its mass open up the possibility that the
Standard Model (SM) can be valid up to very high energy
scale such as string/Planck scale [3–16].1 In particular,
the Higgs self-coupling constant and its beta function al-
most vanish at the same time around Planck scale if the
top-quark mass Mt is 171GeV. This fact may imply re-
lations between physics at the weak scale and physics
at Planck scale, e.g., Higgs inflation [26–33], a multiple
point criticality principle [34] and a maximum entropy
principle [35–39].
On the other hand, we know that the SM should be
extended to include dark matter, the origin of neutrino
masses, and a mechanism for generating the baryon num-
ber of the universe. Such an extension often introduces
a new scalar field X at around the electroweak/TeV
or some intermediate scale which is charged under the
SU(2)L × U(1)Y gauge group. If we add a sufficiently
large SU(2)L isospin multiplet, the new field provides a
good dark matter candidate because direct interactions
with SM particles are forbidden automatically by reno-
malizability [40–42]. It is known as the Type-II seesaw
mechanism that Majorana masses for neutrinos can be
generated by introducing a vacuum expectation value of
a scalar triplet with Y = 1 [43–46]. It is also known that
additional scalar boson loops can increase the triple (SM-
like) Higgs boson coupling[47, 48], which help to satisfy
the sphaleron decoupling condition for the electroweak
baryogenesis[49–51]. A special choice of the Higgs multi-
plet, the Higgs septet with Y = 2 [52, 53], can give sizable
deviations in the observed Higgs boson couplings without
conflicting the stringent constraint from the electroweak
ρ parameter. There are so many extended models moti-
vated by various motivations, so that it is important to
constrain such possibilities in a generic way.
The triviality bound[54, 55] is studied to give such a
generic constraint on the extended Higgs models[56, 57].
Considering the renormalization group equation (RGE)
for the Higgs quartic coupling constant, the energy de-
1 See Refs. [17–25] for the analysis in simple extensions of the SM.
pendent coupling constant λ(Q2) grows with an energy
scale Q. At the end of the day, the running coupling con-
stant blows up at a certain scale ΛLP. The scale is called
Landau pole (LP), where the coupling constant becomes
infinite 1/λ(ΛLP) = 0. The absence of the LP at a cer-
tain scale, e.g., Plank scale, is often required to constrain
the Higgs quartic coupling (equivalently the Higgs boson
mass in the SM)[54, 55]. This bound can be understood
as a criteria for perturbativity of the theory.
In this letter, we give the RGE analysis of the scalar
quartic coupling constants in the SM with one more
scalar multiplet X , where the field X is a nX repre-
sentation under SU(2)L with a hypercharge YX . The
model predicts the LP below Planck scale for nX ≥ 4
if X appears in the electroweak/TeV scale, where the
scale of the LP is defined by the blowup of a coupling
constant. The LP we will derive from the scalar quartic
coupling constants is much lower than that obtained by
solving one-loop beta functions of the gauge coupling
constants [58]. The point is that the quartic coupling
constants of X are rapidly induced by the electroweak
gauge couplings with large coefficients (due to the large
electroweak charges) in the beta functions, even if the
initial values of the quartic coupling constants are set
to be zeros. Once a finite quartic coupling is injected,
the RGE running of the quartic coupling constant leads
the LP. In general, there are many degrees of freedom
to choose the initial condition for the new coupling
constants. Among them, we evaluate a conservative
scale (the largest scale) of the LP.
The scalar potential of the model is given by
V =− µ2Φ†Φ + λ(Φ†Φ)2 +M2XX†X + λX |X†X |2
+ κ|X†X ||Φ†Φ|+ κ′(X†T aXX)(Φ†T aΦΦ)
+ λ′X(X
†T aXX)
2 + λ′′X(X
†T aXT
b
XX)
2 + · · · , (1)
where Φ is the SM Higgs doublet, X is a new scalar
field, and the SU(2)L generator for X is T
a
X(a = 1, 2, 3).
Among the scalar quartic coupling constants, some of
them are related each other depending on the electroweak
charges of X . For quadruplets, extra coupling constants
2(nX , YX) independent couplings dim-4 extra couplings
(4, 1/2) λ, κ, κ′, λX , λ
′
X Φ
†2X2, ΦΦ†
2
X
(4, 3/2) λ, κ, κ′, λX , λ
′
X Φ
†3X
(5, real) λ, κ, λX ×
(5, 1) λ, κ, κ′, λX , λ
′
X , λ
′′
X ×
(5, 2) λ, κ, κ′, λX , λ
′
X , λ
′′
X ×
(6, 1/2) λ, κ, κ′, λX , λ
′
X , λ
′′
X Φ
†2X2
(6, 3/2) λ, κ, κ′, λX , λ
′
X , λ
′′
X ×
(6, 5/2) λ, κ, κ′, λX , λ
′
X , λ
′′
X ×
(7, real) λ, κ, λX , λ
′′
X ×
(7, 1) λ, κ, κ′, λX , λ
′
X , λ
′′
X , λ
′′′
X ×
(7, 2) λ, κ, κ′, λX , λ
′
X , λ
′′
X , λ
′′′
X ×
(7, 3) λ, κ, κ′, λX , λ
′
X , λ
′′
X , λ
′′′
X ×
TABLE I: The independent coupling constants in the scalar
potential are listed. We also show the dimension four extra
couplings which contribute to the beta functions.
are allowed,
λΦΦ†2XΦΦ
†Φ†X = λΦΦ†2XΦ
iΦ†jΦ
†
kX
i′jkǫii′ , (2)
λΦ†2X2Φ
†2X2 = λΦ†2X2Φ
†
iΦ
†
jX
ikℓXjk
′ℓ′ǫkk′ǫℓℓ′ , (3)
λΦ†3XΦ
†3X = λΦ†3XΦ
†
iΦ
†
jΦ
†
kX
ijk, (4)
where we adopt the symmetric tensor notation, i.e.,
(X111, X112, X122, X222) = (X1, X2/
√
3, X3/
√
3, X4)
for nX = 4. The former two coupling constants exist
for YX = 1/2, while the last does for YX = 3/2. There
is a similar coupling of λΦ†2X2 for a sextet. Note that
there is an accidental global U(1) symmetry, if all the
additional dimension four couplings are forbidden. We
summarize the independent coupling constants and
possible dimension four extra coupling constants of each
model in Table I.
Next, let us move to the RGE analysis. The scale below
the mass ofX ,MX , we use the SM beta functions. Above
MX , the runnings of the electroweak gauge couplings are
modified to as
dgY
dt
=
1
16π2
(
41
6
+
1
6
AY 2X nX
)
g3Y , (5)
dg2
dt
=
1
16π2
(
−19
6
+
1
6
AT (X)
)
g32, (6)
where t = lnµ with µ being the renormalization scale,
A = 1 (2) for a real (complex) scalar field, T (X) is
the Dynkin index. We see that g2 is non-asymptotic
free if nX ≥ 7 (5) for a real (complex) field case. The
runnings of the top-Yukawa coupling yt and the strong
gauge coupling g3 are unchanged at one-loop level. The
one-loop RGEs of the scalar coupling constants are given
in Appendix A.
As a set of initial conditions for the RGEs, we take
λX(MX) = λ
′
X(MX) = · · · = κ(MX) = κ′(MX) = 0,
(7)
and evaluate the scale of the LP. This set gives a
conservative evaluation for the scale of the LP under
the condition that the scalar potential is bounded from
below. We use the initial values of SM parameters in
Ref. [12] and take MH = 125.7GeV,Mt = 173GeV,
which are not sensitive to our analysis. By calculating
the RGE, the existence of the LP is found below Planck
scale for nX ≥ 4. The blowup of the quartic coupling
constants λX , λ
′
X , · · · of X occurs because the quantum
corrections to these couplings are proportional to the
fourth power of the electroweak charges of X . This
gives a rapid injection of non-zero value to the quartic
coupling constants, and eventually results in the LP.
Let us discuss the initial condition for the new quartic
couplings constants. For an illustration, we focus on the
case (nX , YX) = (4, 3/2) with an additional Z2 symme-
try, which forbids the term Φ†
3
X . In this case, by im-
posing the boundedness of the scalar potential for |X1|4
and |X2|4 directions, we obtain the following conditions2
λX +
1
4
λ′X ≥ 0, λX +
9
4
λ′X ≥ 0. (8)
This requirements comes from the |X1|4 and |X2|4 terms
in the scalar potential of X ,
λX |X†X |2 + λ′X(X†T aX)2
= λX(|X1|4 + |X2|4) + λ′X
(
9
4
|X1|4 + 1
4
|X2|4
)
+ · · · ,
(9)
where the second term in the r.h.s. of the equation results
from (X†T 3X)2 with T 3 = diag(3/2, 1/2,−1/2,−3/2).
The same conditions are also come from |X3|4 and |X4|4
directions. The contour plot for the scale of the LPs to-
gether with the above two conditions is shown in Fig. 1
as functions of λX(MX) and λ
′
X(MX). One can see that
λX = λ
′
X = 0 actually gives the conservative scale (the
largest scale) of the LP. Even if we introduce nonzero
κ, κ′, λΦ†3X , these effects decrease the scale of the LP
since these contributions to the beta functions of λX
and λ′X are always positive. For the (nX , YX) = (4, 1/2)
case, the similar arguments are applicable for λX , λ
′
X and
λΦΦ†2X . Although the effect of λΦ†2X2 is unclear, we
numerically confirmed that this coupling constant also
leads to the lower scale of the LP. Thus, we conclude
that Eqs. (7) are the initial condition for the conserva-
tive evaluation of the LP. The same discussions would be
2 Note that this is not the sufficient condition for the boundedness
but the necessary condition.
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FIG. 1: A contour plot of the scale of the LP as functions
of λX , λ
′
X at µ = MX with MX = 100GeV. The red and
blue lines represent to λX + 1/4λ
′
X = 0 and λX + 9/4λ
′
X =
0, respectively. The left-bottom side of the red or blue line
corresponds to the unbounded scalar potential.
applied to higher isospin multiplets. We also confirmed
these points numerically. The detailed and generalized
analysis will be presented in our future publications [59].
In Fig. 2, we present the conservative scale of the LP
as a function of MX in the SM with one more scalar
multiplet (nX = 4, 5, 6, 7).
3 We consider all the possible
assignments of the hypercharges, where fractional electric
charges are not allowed for new particles. For a YX =
0 field, a real scalar condition is assumed. The solid
lines in each plot represent the numerical results, while
the dashed lines show the approximated results obtained
from the analytic study as we will discussed later in this
letter. We fit the solid lines in Fig. 2 by the scale of the
LP and MX with an exponent. The results are listed in
Table II. For comparisons, we also present the positions
of the LP Λgi which are calculated by solving the one-
loop beta function of gauge couplings.
Λgi = MX exp
(
1
2Bi
1
g2i (MX)
)
= MX
(
Mt
MX
)Bi,SM/Bi
exp
(
1
2Bi
1
g2i (Mt)
)
, (10)
where i = Y, 2, and Bi,(SM) is the coefficient of
the beta function of gi including a factor 1/16π
2.
3 Requiring the tree-level unitarity of SU(2)L gauge interactions,
n
X
≤ 8(9) is obtained for a complex (real) scalar multiplet[60,
61].
(nX , YX) LP [GeV] ΛgY [ GeV] Λg2 [ GeV]
(4, 1/2) 6.4× 1016 (MX/100GeV)
1.57 1.2× 1041 –
(4, 3/2) 1.3× 1015 (MX/100GeV)
1.21 3.1× 1030 –
(5, real) 9.5× 1011 (MX/100GeV)
1.38 9.6× 1042 –
(5, 1) 4.9 × 109 (MX/100GeV)
1.28 9.0× 1034 9.0× 10488
(5, 2) 7.9 × 108 (MX/100GeV)
1.13 5.7× 1022 9.0× 10488
(6, 1/2) 4.6 × 106 (MX/100GeV)
1.17 1.6× 1040 2.7× 1032
(6, 3/2) 4.2 × 106 (MX/100GeV)
1.16 5.2× 1026 2.7× 1032
(6, 5/2) 1.6 × 106 (MX/100GeV)
1.08 3.2× 1016 2.7× 1032
(7, real) 1.0 × 106 (MX/100GeV)
1.13 9.6× 1042 1.3× 1056
(7, 1) 1.2 × 105 (MX/100GeV)
1.11 3.6× 1032 1.4× 1015
(7, 2) 1.1 × 105 (MX/100GeV)
1.10 2.2× 1019 1.4× 1015
(7, 3) 6.6 × 104 (MX/100GeV)
1.06 1.2× 1012 1.4× 1015
TABLE II: The fitted results of the scale of LPs with the
initial condition in Eqs (7). The positions of LP derived from
one-loop beta function of the gauge couplings taking MX =
100GeV are also given.
We see that the conservative scale of the LP from the
scalar quartic coupling constant is much lower than Λgi .
In order to understand the results analytically, we fo-
cus on the beta function of the quartic coupling of X in
which the gauge coupling g(µ) is approximated by the
constant g(MX). Then, we redefine the quartic coupling
constants λ′X , · · · such that g4 terms only appear in one
beta function. By this redefinition, we correctly take into
account the induced quartic coupling constant from the
gauge couplings at one-loop level, since we begin with a
conservative assumption given in Eqs. (7). We call the
new coupling constants λ˜′X , · · · . Consequently, the RGE
is simplified as
dλX
dt
=
1
16π2
(c0 − c1λX + c2λ2X + c3λX λ˜′X + c4λ˜′2X),
(11)
dλ˜′X
dt
=
1
16π2
(−c˜′1λX + c˜′2λ2X + c˜′3λX λ˜′X + c˜′4λ˜′2X). (12)
However, even if we set λ˜′X = 0 at MX , nonzero λ˜
′
X is
induced by the c˜′2 term, which affects the running of λX
through the c3 term.
4 Therefore, we redefine λX in order
to cancel the c3 term. As a result, we have
dλ˜X
dt
=
1
16π2
(c˜0 − c˜1λ˜X + c˜2λ˜2X), (13)
taking λ˜′X = · · · = 0. This simplified differential equation
can be solved analytically. The position of the LP is
4 We checked that the effect of the c4 term is smaller than that
of the c3 term.
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FIG. 2: The solid and dashed lines correspond to the numerical results and the approximated results in Eq. (14).
calculated as
ΛLP
MX
= exp
[
16π2
c˜2d
{
π
2
− tan−1
[
1
d
(
λ˜X(MX)− c˜1
2c˜2
)]}]
,
(14)
d =
√
c˜0
c˜2
− c˜
2
1
4c˜22
. (15)
As an example, we show the concrete procedure for the
case with nX = 4. Concentrating on the quartic coupling
constants of X , we have
dλX
dt
=
1
16π2
(
+ 32λ2X + 30λXλ
′
X +
99
2
λ′2X
+ 6Y 4Xg
4
Y +
297
8
g42 − 12Y 2XλXg2Y − 45λXg22
)
, (16)
dλ′X
dt
=
1
16π2
(
+ 24λXλ
′
X + 42λ
′2
X + 12Y
2
Xg
2
Y g
2
2
− 12Y 2Xλ′Xg2Y − 45λ′Xg22
)
. (17)
Here we put gY (µ) = gY (MX), g2(µ) = g2(MX) and κ =
κ′ = λΦΦ†2X = λΦ†2X2 = λΦ†3X = λΦ†3X = 0. At
first, we redefine λ′X in order to cancel the constant term
(12Y 2Xg
2
Y g
2
2 term). Hence, we take
λ˜′X = λ
′
X + η λX , (18)
where η ≡ −12Y 2Xg2Y g22/(6Y 4Xg4Y + 2978 g42). The require-
ment of the vanishing g2Y g
2
2 term fixes λ˜
′
X up to the nor-
5malization, while we still have the degree of freedom to
redefine λX . Using this, we define λ˜X as
λ˜X = λX + ξ λ˜
′
X , (19)
and choose ξ in such a way that the λ˜X λ˜
′
X term vanishes
in the beta function of λ˜X . Then, we obtain
ξ =
−20 + 3η − 99η2
16η + 24η2 + 99η3
±
√
5(80 + 72η + 621η2)
16η + 24η2 + 99η3
. (20)
The coefficients c0, c1, c2 are given by
c˜0 =
297
8
g42 + 6Y
4
Xg
4
Y , (21)
c˜1 = 12Y
2
Xg
2
Y + 45g
2
2, (22)
c˜2 = 32− 30η + 99
2
η2 + 8ηξ + 12η2ξ +
99
2
η3ξ. (23)
By this procedure, we can evaluate the LP in the analyti-
cal calculations. The approximated lines are also plotted
in Fig. 2. Comparing the numerical results and our
analytic results in these figures, the above expressions
fit the numerical results within an order of magnitude
error. From this analytical analysis, we confirm that the
finite quartic coupling constants are originally generated
by the gauge couplings, and then the RGE of the quartic
coupling constant leads the LP. Roughly speaking, the
LP is induced by two-loop radiative corrections to the
RGEs. We can also evaluate the exponent of MX by
putting gY (2)(MX) ≃ gY (2)(Mt) + BY (2),SM ln(MX/Mt).
Although the analytic expression is too complicate to
write, we obtain ∼ 1.52 and ∼ 1.28 for (4, 1/2) and
(4, 3/2), respectively.
Before concluding this letter, a few more remarks are
given in order. Firstly, the position of the LP does not
depend on the normalization of λ˜X . We can understand
the reason from Eqs. (13) and (14) as follows; let us de-
fine the new scalar coupling constant having a different
normalization as λ˜NX := a λ˜X where a is a real constant.
Although the RGE of λ˜NX takes the same form as λ˜X , the
coefficients are different. They are a c0, c1 and c2/a. By
using these coefficients and λ˜NX(MX) = a λ˜X(MX), one
can easily show that the LP for λ˜NX calculated by Eq. (14)
gives the same result as that of λ˜X . Therefore, we do not
need to care about the normalizations of scalar couplings
when we study the LP.
Secondly, we discuss the nonzero value of the ini-
tial condition. Let us start with Eq. (14). Expanding
Eq. (14) around 1/λ˜X(MX) = 0, we get
ΛLP
MX
= exp
[
16π2
c˜2
1
λ˜X(MX)
+O
(
1/λ˜X(MX)
2
)]
, (24)
which means that the scale of the LP is determined by
only the initial value and c˜2. The conditions to neglect
higher order terms are λ˜X(MX) >∼ c˜1/(2c˜2), d. Numeri-
cally, c˜1/(2c˜2) ≈ 0.28, d ≈ 0.31 for (nX , YX) = (4, 3/2).
Though we have focused on a single scalar extension of
the SM in this letter, more matter fields may be added.
Since the increase of scalar fields leads to the large co-
efficient in the beta functions in general, we expect that
the scale of the LP becomes lower. If we add fermions in
addition to scalars, the Yukawa couplings among them
may be allowed. In such a case, the scale of the LP can
be large since the Yukawa coupling gives the negative
contribution to the beta function at the one-loop level.
Finally, we comment on the implications of the new
physics beyond the SM. In the Minimal dark matter
models [40–42], interactions of new scalar multiplets are
also bounded by the relic abundance of dark matter and
the data for direct/indirect searches. It is very inter-
esting to combine our study with such constraints[59].
In some class of the seesaw models for the neutrino
mass generation, Majorana fermions are introduced
together with scalar multiplets, which may or may not
accommodate a dark matter candidate. These models
are constrained not only by the relic abundance but also
by the neutrino oscillation data. In these models, the
effects of Majorana fermions on the RGEs are expected
to be small, because the required Yukawa coupling is
generally small if we add these new fermions in the
electroweak/TeV scale. In addition, models with a flavor
symmetry are also very intriguing candidates for this
kind of analyses. Because the scalar fields are embedded
in the multiplet under the flavor symmetry, which
provides a large number of SU(2)L multiplets. Increase
of the number of multiplet also gives large contribution
to the RGE, which would make the LP smaller[59].
In conclusion, we have investigated the scale of the LP
using the one-loop RGE in the SM with one more scalar
nX -plet X (nX = 4, 5, 6, 7 with all possible hypercharge
assignments). The LP is found below Planck scale for
nX ≥ 4, if we introduce a new scalar multiplet at elec-
troweak/TeV scale. This means that any single scalar
field extension with nX ≥ 4 of the SM is not allowed, if
we impose the absence of the LP up to Planck scale. The
scale is evaluated with the conservative initial condition,
where the initial values for the quartic coupling constant
of new scalar fields are set to be zeros at the scale of new
particles. Nevertheless, the quartic coupling constants
are induced from the electroweak gauge interactions. The
induced coupling constants are rapidly enhanced, and fi-
nally hit the LP. We have calculated the LP as a function
of the mass of X , and listed a fitting formula of the LP
with an exponent. The results are consistent with our
approximated formula within an order of magnitude er-
ror, which is derived from the simplified RGE with the
conservative assumption. The obtained LP in each model
is much smaller than that previously calculated by solv-
ing the beta functions of the gauge couplings[58]. These
new results are very useful and generic constraints on the
beyond the SM including new scalar multiplets.
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Appendix A: Renormalization Group equations
We calculate the RGEs by using the general formula
in Refs. [62].
• SM with a quadruplet scalar field
dλ
dt
=
1
16π2
(
+ 24λ2 − 6y4t +
3
8
g4Y +
9
8
g42 +
3
4
g2Y g
2
2
+ 12λy2t − 3λg2Y − 9λg22 + 4κ2 +
5
4
κ′2
+
40
9
|λΦ†2X2 |2 + 8|λΦΦ†2X |2 + 24λ2Φ†3X
)
,
dλX
dt
=
1
16π2
(
+ 32λ2X + 30λXλ
′
X +
99
2
λ′2X
+ 6Y 4Xg
4
Y +
297
8
g42 − 12Y 2XλXg2Y − 45λXg22
+ 2κ2 + 2|λΦ†2X2 |2
)
,
dλ′X
dt
=
1
16π2
(
+ 24λXλ
′
X + 42λ
′2
X + 12Y
2
Xg
2
Y g
2
2
− 12Y 2Xλ′Xg2Y − 45λ′Xg22 +
1
2
κ′2 − 8
9
|λΦ†2X2 |2
)
,
dκ
dt
=
1
16π2
(
+ 3Y 2Xg
4
Y +
45
4
g42 + 4κ
2 +
15
4
κ′2
+ 6y2tκ− 6Y 2Xκg2Y −
3
2
κg2Y − 27κg22
+ 12κλ+ 20κλX + 15κλ
′
X
+ 18λ2
Φ†3X
+
40
3
|λΦ†2X2 |2 + 6|λΦΦ†2X |2
)
,
dκ′
dt
=
1
16π2
(
+ 12YXg
2
Y g
2
2
+ 6y2tκ
′ − 3
2
κ′g2Y − 6Y 2Xκ′g2Y − 27κ′g22
+ 8κκ′ + 4κ′λ+ 4κ′λX + 31κ
′λ′X
+ 24λ2
Φ†3X
+
64
9
|λΦ†2X2 |2 +
8
3
|λΦΦ†2X |2
)
,
dλΦ†2X2
dt
=
1
16π2
(
− 4λ2
ΦΦ†2X
+ 6y2t λΦ†2X2
− 3
2
λΦ†2X2g
2
Y − 6Y 2XλΦ†2X2g2Y − 27λΦ†2X2g22
+ 8κλΦ†2X2 + 4κ
′λΦ†2X2
+ 4λλΦ†2X2 + 4λXλΦ†2X2 − 11λ′XλΦ†2X2
)
,
dλΦΦ†2X
dt
=
1
16π2
(
+ 12λλΦΦ†2X + 9y
2
tλΦΦ†2X
− 9
4
g2Y λΦΦ†2X − 3Y 2Xg2Y λΦΦ†2X − 18g22λΦΦ†2X
+ 6κλΦΦ†2X +
5
2
κ′λΦΦ†2X −
40
3
λΦ†2X2λ
∗
ΦΦ†2X
)
,
dλΦ†3X
dt
=
λΦ†3X
16π2
(
+ 12λ+ 9y2t − 18g22 −
9
4
g2Y − 3Y 2Xg2Y
+ 6κ+
15
2
κ′
)
. (A1)
• SM with a real quintet scalar field
dλ
dt
=
1
16π2
(
+ 24λ2 − 6y4t +
3
8
g4Y +
9
8
g42 +
3
4
g2Y g
2
2
+
5
2
κ2 + 12λy2t − 3λg2Y − 9λg22
)
,
dλX
dt
=
1
16π2
(
+ 26λ2X + 108g
4
2 − 72λXg22 + 2κ2
)
,
dκ
dt
=
1
16π2
(
+ 18g42 + 12κλ+ 14κλX + 6y
2
t κ
− 3
2
κg2Y −
81
2
κg22 + 4κ
2
)
. (A2)
• SM with a complex quintet scalar field
dλ
dt
=
1
16π2
(
+ 24λ2 − 6y4t +
3
8
g4Y +
9
8
g42 +
3
4
g2Y g
2
2
+ 12λy2t − 3λg2Y − 9λg22 + 5κ2 +
5
2
κ′2
)
,
dλX
dt
=
1
16π2
(
+ 36λ2X + 48λXλ
′
X
+ 720λXλ
′′
X + 1152λ
′
Xλ
′′
X + 3168λ
′′2
X
+ 6Y 4Xg
4
Y − 12Y 2XλXg2Y − 72λXg22 + 2κ2
)
,
dλ′X
dt
=
1
16π2
(
+ 24λXλ
′
X + 84λ
′2
X + 408λ
′
Xλ
′′
X − 84λ′′2X
+ 3g42 + 12Y
2
Xg
2
Y g
2
2 − 12Y 2Xλ′Xg2Y − 72λ′Xg22 +
1
2
κ′2
)
,
dλ′′X
dt
=
1
16π2
(
+ 8λ′2X + 24λXλ
′′
X − 32λ′Xλ′′X + 368λ′′2X
+ 6g42 − 12Y 2Xλ′′Xg2Y − 72λ′′Xg22
)
,
dκ
dt
=
1
16π2
(
+ 3Y 2Xg
4
Y + 18g
4
2
+ 12κλ+ 24κλX + 24κλ
′
X + 360κλ
′′
X + 6y
2
t κ
− 3
2
κg2Y − 6Y 2Xκg2Y −
81
2
κg22 + 4κ
2 + 6κ′2
)
,
dκ′
dt
=
1
16π2
(
+ 12YXg
2
Y g
2
2
+ 4κ′λ+ 4κ′λX + 60κ
′λ′X + 60κ
′λ′′X + 6y
2
tκ
′
− 3
2
κ′g2Y − 6Y 2Xκ′g2Y −
81
2
κ′g22 + 8κκ
′
)
. (A3)
7• SM with a sextet scalar field
dλ
dt
=
1
16π2
(
+ 24λ2 − 6y4t +
3
8
g4Y +
9
8
g42
+ 12λy2t − 3λg2Y − 9λg22 +
3
4
g2Y g
2
2
+ 6κ2 +
35
8
κ′2 +
28
5
|λΦ†2X2 |2
)
,
dλX
dt
=
1
16π2
(
+ 40λ2X + 70λXλ
′
X +
3535
2
λXλ
′′
X
+
8525
4
λ′Xλ
′′
X +
271975
16
λ′′2X + 6Y
4
Xg
4
Y
− 12Y 2XλXg2Y − 105λXg22 + 2κ2 −
11
8
|λΦ†2X2 |2
)
,
dλ′X
dt
=
1
16π2
(
+ 24λXλ
′
X + 136λ
′2
X +
2115
2
λ′Xλ
′′
X
− 265
2
λ′′2X + 3g
4
2 + 12Y
2
Xg
2
Y g
2
2
− 12Y 2Xλ′Xg2Y − 105λ′Xg22 +
1
2
κ′2 − 7
25
|λΦ†2X2 |2
)
,
dλ′′X
dt
=
1
16π2
(
+ 8λ′2X + 24λXλ
′′
X + 2λ
′
Xλ
′′
X +
1715
2
λ′′2X
+ 6g42 − 105λ′′Xg22 − 12Y 2Xλ′′Xg2Y +
2
25
|λΦ†2X2 |2
)
,
dκ
dt
=
1
16π2
(
+ 3Y 2Xg
4
Y +
105
4
g42
+ 12κλ+ 28κλX + 35κλ
′
X +
3535
4
κλ′′X
+ 6y2t κ− 57κg22 −
3
2
κg2Y − 6Y 2Xκg2Y
+ 4κ2 +
35
4
κ′2 +
56
5
|λΦ†2X2 |2
)
,
dκ′
dt
=
1
16π2
(
+ 12YXg
2
Y g
2
2
+ 4κ′λ+ 4κ′λX + 101κ
′λ′X +
697
4
κ′λ′′X + 6y
2
tκ
′
− 3
2
κ′g2Y − 6Y 2Xκ′g2Y − 57κ′g22
+ 8κκ′ +
64
25
|λΦ†2X2 |2
)
,
dλΦ†2X2
dt
=
λΦ†2X2
16π2
(
+ 4λ+ 4λX − 31λ′X +
961
4
λ′′X
+ 6y2t −
3
2
g2Y − 6Y 2Xg2Y − 57g22 + 4κ′ + 8κ
)
. (A4)
• SM with a real septet scalar field
dλ
dt
=
1
16π2
(
+ 24λ2 − 6y4t +
9
8
g42 +
3
8
g4Y
+ 12λy2t − 3λg2Y − 9λg22 +
3
4
g2Y g
2
2 +
7
2
κ2
)
,
dλX
dt
=
1
16π2
(
+ 30λ2X + 2448λXλ
′′
X + 51840λ
′′2
X
− 144λXg22 + 2κ2
)
,
dλ′′X
dt
=
1
16π2
(
+ 6g42 + 1530λ
′′2
X + 24λXλ
′′
X − 144λ′′Xg22
)
,
dκ
dt
=
1
16π2
(
+ 36g42 + 12κλ+ 18κλX + 6y
2
tκ
− 3
2
κg2Y −
153
2
κg22 + 4κ
2
)
. (A5)
• SM with a complex septet scalar field
dλ
dt
=
1
16π2
(
+ 24λ2 − 6y4t +
3
8
g4Y +
9
8
g42
+ 12y2tλ− 9λg22 − 3λg2Y +
3
4
g22g
2
Y + 7κ
2 + 7κ′2
)
,
dλX
dt
=
1
16π2
(
+ 44λ2X + 96λXλ
′
X + 3744λXλ
′′
X
+ 77184λ′′2X + 9216λXλ
′′′
X + 31104λ
′
Xλ
′′′
X
+ 90432λ′′Xλ
′′′
X + 2859264λ
′′′2
X + 6Y
4
Xg
4
Y
− 12Y 2XλXg2Y − 144λXg22 + 2κ2
)
,
dλ′X
dt
=
1
16π2
(
+ 24λXλ
′
X + 204λ
′2
X + 768λ
′
Xλ
′′
X
+ 7008λ′′2X + 44616λ
′
Xλ
′′′
X − 73824λ′′Xλ′′′X
+ 2408676λ′′′2X + 3g
4
2 − 12Y 2Xλ′Xg2Y − 144λ′Xg22
+ 12Y 2Xg
2
2g
2
Y +
1
2
κ′2
)
,
dλ′′X
dt
=
1
16π2
(
+ 8λ′2X + 24λXλ
′′
X + 96λ
′
Xλ
′′
X
+ 1588λ′′2X + 912λ
′
Xλ
′′′
X + 5312λ
′′
Xλ
′′′
X + 22696λ
′′′2
X
+ 6g42 − 144λ′′Xg22 − 12Y 2Xλ′′Xg2Y
)
,
dλ′′′X
dt
=
1
16π2
(
+ 16λ′Xλ
′′
X − 80λ′′2X + 24λXλ′′′X
− 128λ′Xλ′′′X + 3056λ′′Xλ′′′X − 12200λ′′′2X
− 12Y 2Xλ′′′Xg2Y − 144λ′′′Xg22
)
,
dκ
dt
=
1
16π2
(
+ 3Y 2Xg
4
Y + 36g
4
2 + 12κλ+ 32κλX
+ 48κλ′X + 1872κλ
′′
X + 4608κλ
′′′
X + 6y
2
t κ
− 3
2
κg2Y − 6Y 2Xκg2Y −
153
2
κg22 + 4κ
2 + 12κ′2
)
,
dκ′
dt
=
1
16π2
(
+ 12YXg
2
2g
2
Y + 4κ
′λ+ 4κ′λX
+ 156κ′λ′X + 384κ
′λ′′X + 13236κ
′λ′′′X + 6y
2
tκ
′
− 3
2
κ′g2Y − 6Y 2Xκ′g2Y −
153
2
κ′g22 + 8κκ
′
)
. (A6)
8[1] G. Aad et al. [ATLAS Collaboration], Phys. Lett. B 716
(2012) 1.
[2] S. Chatrchyan et al. [CMS Collaboration], Phys. Lett. B
716 (2012) 30.
[3] M. Holthausen, K. S. Lim and M. Lindner, JHEP 1202
(2012) 037.
[4] F. Bezrukov, M. Y. Kalmykov, B. A. Kniehl and M. Sha-
poshnikov, JHEP 1210 (2012) 140.
[5] G. Degrassi, S. Di Vita, J. Elias-Miro, J. R. Espinosa,
G. F. Giudice, G. Isidori and A. Strumia, JHEP 1208
(2012) 098.
[6] S. Alekhin, A. Djouadi and S. Moch, Phys. Lett. B 716
(2012) 214.
[7] I. Masina, Phys. Rev. D 87 (2013) 5, 053001.
[8] Y. Hamada, H. Kawai and K. y. Oda, Phys. Rev. D 87
(2013) 5, 053009 [Phys. Rev. D 89 (2014) 5, 059901].
[9] F. Jegerlehner, Acta Phys. Polon. B 45 (2014) 1167.
[10] F. Jegerlehner, arXiv:1305.6652 [hep-ph].
[11] Y. Hamada, H. Kawai and K. y. Oda, arXiv:1305.7055
[hep-ph].
[12] D. Buttazzo, G. Degrassi, P. P. Giardino, G. F. Giudice,
F. Sala, A. Salvio and A. Strumia, JHEP 1312 (2013)
089.
[13] V. Branchina and E. Messina, Phys. Rev. Lett. 111
(2013) 241801.
[14] A. Kobakhidze and A. Spencer-Smith, arXiv:1404.4709
[hep-ph].
[15] A. Spencer-Smith, arXiv:1405.1975 [hep-ph].
[16] V. Branchina, E. Messina and M. Sher, Phys. Rev. D 91
(2015) 1, 013003.
[17] R. Foot, A. Kobakhidze, K. L. McDonald and
R. R. Volkas, Phys. Rev. D 77 (2008) 035006.
[18] K. A. Meissner and H. Nicolai, Phys. Lett. B 660 (2008)
260.
[19] S. Iso, N. Okada and Y. Orikasa, Phys. Lett. B 676
(2009) 81.
[20] S. Iso, N. Okada and Y. Orikasa, Phys. Rev. D 80 (2009)
115007.
[21] Y. Hamada, H. Kawai and K. y. Oda, JHEP 1407 (2014)
026.
[22] N. Haba, H. Ishida, K. Kaneta and R. Takahashi, Phys.
Rev. D 90 (2014) 036006.
[23] K. Kawana, PTEP 2015 2, 023B04.
[24] N. Haba, H. Ishida, R. Takahashi and Y. Yamaguchi,
arXiv:1412.8230 [hep-ph].
[25] K. Kawana, arXiv:1501.04482 [hep-ph].
[26] F. L. Bezrukov and M. Shaposhnikov, Phys. Lett. B 659
(2008) 703.
[27] A. Salvio, Phys. Lett. B 727 (2013) 234
[28] Y. Hamada, H. Kawai and K. y. Oda, PTEP 2014 (2014)
023B02.
[29] Y. Hamada, H. Kawai, K. y. Oda and S. C. Park, Phys.
Rev. Lett. 112 (2014) 24, 241301.
[30] F. Bezrukov and M. Shaposhnikov, Phys. Lett. B 734
(2014) 249.
[31] Y. Hamada, H. Kawai, K. y. Oda and S. C. Park, Phys.
Rev. D 91 (2015) 5, 053008.
[32] Y. Hamada, K. y. Oda and F. Takahashi, Phys. Rev. D
90 (2014) 9, 097301.
[33] Y. Hamada, H. Kawai and K. y. Oda, arXiv:1501.04455
[hep-ph].
[34] C. D. Froggatt and H. B. Nielsen, Phys. Lett. B 368
(1996) 96.
[35] H. Kawai and T. Okada, Prog. Theor. Phys. 127 (2012)
689.
[36] H. Kawai, Int. J. Mod. Phys. A 28 (2013) 1340001.
[37] Y. Hamada, H. Kawai and K. Kawana, Int. J. Mod. Phys.
A 29 (2014) 17, 1450099.
[38] K. Kawana, arXiv:1405.2743 [hep-th].
[39] Y. Hamada, H. Kawai and K. Kawana, PTEP 2015 3,
033B06.
[40] M. Cirelli, N. Fornengo and A. Strumia, Nucl. Phys. B
753 (2006) 178.
[41] M. Cirelli, A. Strumia and M. Tamburini, Nucl. Phys. B
787 (2007) 152.
[42] M. Cirelli and A. Strumia, New J. Phys. 11 (2009)
105005.
[43] W. Konetschny and W. Kummer, Phys. Lett. B 70
(1977) 433.
[44] M. Magg and C. Wetterich, Phys. Lett. B 94 (1980) 61.
[45] T. P. Cheng and L. F. Li, Phys. Rev. D 22 (1980) 2860.
[46] J. Schechter and J. W. F. Valle, Phys. Rev. D 22 (1980)
2227.
[47] S. Kanemura, Y. Okada, E. Senaha and C.-P. Yuan,
Phys. Rev. D 70 (2004) 115002.
[48] S. Kanemura, Y. Okada and E. Senaha, Phys. Lett. B
606 (2005) 361.
[49] V. A. Kuzmin, V. A. Rubakov and M. E. Shaposhnikov,
Phys. Lett. B 155 (1985) 36.
[50] A. G. Cohen, D. B. Kaplan and A. E. Nelson, Ann. Rev.
Nucl. Part. Sci. 43 (1993) 27.
[51] M. Quiros, Helv. Phys. Acta 67 (1994) 451.
[52] J. Hisano and K. Tsumura, Phys. Rev. D 87 (2013)
053004.
[53] S. Kanemura, M. Kikuchi and K. Yagyu, Phys. Rev. D
88 (2013) 015020.
[54] N. Cabibbo, L. Maiani, G. Parisi and R. Petronzio, Nucl.
Phys. B 158 (1979) 295.
[55] M. Lindner, Z. Phys. C 31 (1986) 295.
[56] R. A. Flores and M. Sher, Annals Phys. 148 (1983) 95.
[57] A. Bovier and D. Wyler, Phys. Lett. B 154 (1985) 43.
[58] L. Di Luzio, R. Grober, J. F. Kamenik and M. Nardec-
chia, arXiv:1504.00359 [hep-ph].
[59] Y. Hamada, K. Kawana, and K. Tsumura, in prepara-
tion.
[60] K. Hally, H. E. Logan and T. Pilkington, Phys. Rev. D
85 (2012) 095017.
[61] K. Earl, K. Hartling, H. E. Logan and T. Pilkington,
Phys. Rev. D 88 (2013) 015002.
[62] T. P. Cheng, E. Eichten and L. F. Li, Phys. Rev. D 9
(1974) 2259.
